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Abstract

There is a well-known method of extrapolation of signals with the
finite Fourier spectrum developed by Gershberg and Papoulis. Aizen-
berg introduced a method which uses the theory of Hardy spaces
in complex analysis. In a recent publication, a new extrapolation
method for one-dimensional signals was proposed. The method is
based on combining the methods of Aizenberg and Gershberg-Papoulis
and sometimes permits optimized calculations (after a certain regular-
ization, if needed). This method was extended to both two-dimensional
and three-dimensional signals.

1 Basic definitions

The Wiener class of functions. The Wiener class W3 is the class of
functions in L2(R?) that have the Fourier transform (spectrum)

g<w) — f f(x)e*i(wwﬁrwzm+w3ff3)da;7
R3
whose support is concentrated in the parallelepiped {w : |w;| < «aj, j =
1,2,3}.

We also introduce the class W3 of functions in L?(R?®) whose support
of the spectrum is in {w: 0 < w; <aj, j =123} CR} ={w: w; >0,
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j =1,2,3}. Sometimes we will denote the class W3, by L2, ,(R?) and W3,
by L§ , (R?).

The Hardy class of functions. The Hardy class of functions H?(Dy)
(or H2) is the class of functions holomorphic in the product of half-planes Ds
={z:Imz; >-5,j=1,2, 3} C C3. Here and below, § is a fixed positive
constant. H?(Ds) is the subspace of A(Ds) (space of functions, holomorphic
in Dy) that consist of functions satisfying the condition [ |f(z+iy)[>dz < C

R3
where -0 <y; <o00,j=1,2,3.
The Cauchy transform. The Cauchy transform ( of p€L?(R)) is

defined as
—+T

Cas()(2) :/%dt

-7

2 Formulation of the problem

Consider a famous problem in the theory of Fourier signals: a signal with a
finite Fourier spectrum is an entire function. If one can extrapolate Fourier
signals properly, then it is possible to achieve super resolution of physical
devices, control of narrow band noise, and so on.

Those 3-dimensional signals are the functions of the Wiener class W3.
Note the connection between the Wiener classes W3 and W3 : If f € W3,
then f(z)e'<®*> € W3, and, conversely, if f € W3, then f(z)e "<®*> €
W3. Further, W2 C H?(Dy) for all § > 0.

«

3 The Aizenberg method

We can transfer our problem of extrapolation of Fourier signals into the
framework of Hardy spaces and concentrate on the problem of extrapolation
of Hardy class functions. It is shown in [4] that: For every function f (z) €
H2(Dj) the following equations are true (the convergence is that uniform on
compact sets in Ds and, moreover, in norm of H?(Ds)):

forn = 1:

f(z) = lim i f () =2 — ﬁ (z—=;) (wp—;+2i6)
" m—oo = k) z =z, +2i8 =i (z—x;12i0) (x,—;)
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forn = 2:

m
S E (2i6)2
f(zl7 22) - W{LI)I&O . kzzzl f(xlkl ’ w2k2) (Zlfmlkl +226)(Z2712k2+216) X

% ﬁ (zl—:clj)(mlkl —x1;+216) m (Zz—mzj)($2k2 —x9,+216)

. 1 21—x1;4+210) (X1, —x14) . 1 29—x2,;+210) (2K, —T2;

j=1 j#k1 ( J )( 1kq ]) G=1 j#ks ( J )( 2ko ])

for n = 3:
m
f(z1,22,23) = lim >0 f(@1ky, Dok, Takg) X
M0k kg ka=1

% (2i6)2 % n (z1—21;)(T1ky —T1;+210)
(21—x1k1+2i6)(22—x2k2 +2i5)(23—£€3k3+2i6) =1 otk (Zl—l‘lj-‘rQi(S)(:Clkl —l‘lj)

% m (sz"sz)(mgk2f.’bz]’+2i6) m (Z37£L'3j)(333k37.’b3]'+2i5)

AL (se—woy+2i0) (waky —w2;) . AL, (23—w3;+2i0)(w3kg —23;5)

j=1 j#ka ! 2 TV =1 j#ks ! 3

where x,, and x1,, X2, X3, are the sets of points where the value of function
f is known. Variants of these formulas for higher dimension are considered
in [4] as well.

4 The Gershberg-Papoulis method

4.1 The original Gershberg-Papoulis method

Let us consider the space H=L?(R). Let I; be the canonical injection of
the subspace Hi= L§,,(R) in L?*(R); and Iy the canonical injection of
Hs = L2([~7, 7]) in L2(R), here for every ¢ € Hy we choose its corresponding
extension to zero. Then P;: H — Hj, Po: H — Hs are orthogonal projec-
tions. The operator § = P9 o I; from Ps to subspace H; has the adjoint g*
= Py o I, and the operator 5*3 has the analytic representation:

+7 .
B B(f)(z) = [ eI f(¢)dt, where x € R, € Hy.

w(z—t

The following algorithm is described to make it possible to introduce the
parameter § to reduce the problem to that within the framework of Hardy
spaces. Let us consider the operator By: H; — Hj defined by By (¢) = ¢ +
(B*B)(f- ) = + PPy (f- ¢), ¢ € Hy, where f is given, and only the part
of it on the interval [-7, 7] is known. It is shown in [1] that the only possible
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fixed point of this operator is the extrapolation of the given function. Now,
the iteration is introduced:

gn+1 = Bo(gn), with go = P1Pa(f) = 5*B(f);

and the analytic expression for g, is g, = (Idg; — (Idg1 — P1P2)"Th)(f),
where Id is the identity operator.

4.2 The Gershberg-Papoulis method in Hardy spaces

In this method, a new operator is introduced: Bs: Lf,,(R) — L§ 5, (R),
which uses the Cauchy transformation Co5. Let ig be the canonical injection
from L%’QU(R) in H2, and let its adjoint operator be II%. Now, let us define
an operator a’ from L§ 9, (R) to L2([-7,7]) as ol = R, o4, where R, : H2
— L2([-7, 7]) is an operator of restriction ¢ — @|[—r,7- Also, the adjoint
operator may be defined as (a)* =115 o Rf = —5-113 o Cy;.

It is now possible to define the operator Bs : L§ o, (R) — L§o,(R) as
Bs(p) = ¢ + (ad)* 0 ag(f - ¢), ¢ € L§ 5,(R).

Note that, exactly as with the operator By, the definition requires only
the knowledge of the given function f on a certain interval [-r, 7]. Also, (ad)*
o a2 (p)(z) = P1Pa(p)(z + 2id), ¢ € L3 5, (R).We now define the iteration:

gni1 = Bs (gn), with gg = ((ad)* o a?)(f); the analytic expression for g, is

) — (@) 0 ad)"H(f).

It is shown in [1] that the only possible fixed point of this iteration is
the extrapolation of the given function. The research shows that both the
Gershberg-Papoulis and the new method of French mathematicians work in
the three-dimensional space.

In = (IdLgm(R) — (Ldpe

0,25

4.3 The Gershberg-Papoulis method in the two- and three-
dimensional spaces

The method of Gershberg-Papoulis can be extended into two- and three-
dimensional cases. Consider all the operators to be two-dimensional, and
the analytic expression of the operator 5*3 will take the form

. _ i1 (3—t) o (y—s) S o1(z —1) _sin ooy — s)
BxB(f)(z,y) //e v m Py Ty f(s,t)dsdt,

T1,T2

where x, y € R, f € H? — the H; space of functions of two variables.
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Since our function f € H?, we can change the double integral form to
repeated, thus modifying the expression to the following:

+71

BB(f) (2, y) = / gioi(@—t) ST — 1) Sm"l z—t) / io2(y—s) Sm“?(y 025 (s 1yds |
m(x —t) m(y — s)
o

where x, y € R, f € H2.

Now, to redefine the iteration let us consider the operator B%: H% — H%
defined by B3 (¢) = ¢ + (B*8)(f- ¢) = ¢ + P1P2 (f - ), » € H?, where f
is given, with only the part of it on [-71, 71]X[-T2, T2] known. We can prove
that the only possible fixed point of this operator is f.

Proof: Consider ¢ € H? such that ¢ = B3 (¢). Then ¢ = ¢ + PPy (f
- ), and, consequently, P1Ps (f - ¢) = 0, which means that ¢ = f (since
the operator P1Ps is injective). We now introduce the new iteration: g,;
= Bo? (gn), with gg = P1P5 (f) = 8*B (f) (two-dimensional case); and the
analytic expression for g, is gn = (Idg2 — (Idg2 — PP ) (f)
The only possible fixed point of this iteration is f.

A similar treatment is true for the three-dimensional spaces. In that
case, the analytic expression of the operator 5*f is of the form

+71

f ewl z—t) sinoy (z— t)X
w(z—t)

—T1

+72 31 —
x ( / ewm—s)sli“"?( (f ioa(u—n) So3(W — ) h)f(h,s,t)dh) ds) dt,

—T2 ﬂ-(y T3 7T(’UJ - h‘)

where x, y, w € R, f € H}.

5 A new method

5.1 A new method in the two- and three-dimensional spaces

A new operator is introduced: Bj: L§,,(R?) — L§ o, (R?), which uses the
Cauchy transformation C3 5 defined as

)
dtds.
SAQICHE) // zl—t+225 (22—5+225) s

T1,T2

Let i be a canonical injection from L0 9o (R?) in H2, with the ad-
joint operator I12. Now, let us define an operator o from Lo 25 (R?) to
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L2([~71,71] X [~T2,72]) by &} = R; o 4}, where R, : H2 — L%([-7, 7]) is
the operator of restriction ¢ — ¢ Also, the adjoint operator
may be defined as

—71,T1]X[—T2,T2]"

(ag)* =105 0 R} = — 5115 © Cas.

T 2im
It is now possible to define the operator Bf: Lf 5, (R?) — L§ »,(R?) by
B} (p) = ¢ + (a)* 0 o) (f- ), ¢ € L§ 5, (R?).
Note that, just as it was with the operator By, the definition demands
only knowledge of a given function f on a certain square [-71, 71] X [-T2, T2].

What we need to prove is that
(@3)* 0 ab (p)(z1, 22) = P1P2 (p)(z1 + 2i6, 2242i6), ¢ € L?025(R?).

Proposition 1: For each function ¢ € H%(R2) the following equality
takes place:

(110 €30 Ry ) () (21, 22) = =4 [ el (2 iGas2is)
T1,72

sino(z1 + 2i0 — uy) sino(z2 + 216 — ua)
(21 4 20 — u1) (22 + 200 — ua)

o(u1, ug)dudug,

where function ¢ is known only on [-71, 71| X[-T2, T2].

Proof: Consider F (z1, z2) € Hg(RQ). This function is isometric to Fy
(&1, &9) = F (i(£4-0),i(£5-0)) € H2(I1?), and the Laplace transform o : f
€ L2(R?) — 9 (f) € H2(I1?) is isometric as well. We can now build the
bijection L: Ly ([0, +00]x[0, +0c]) — H2, defined as L(f)(z1, 22) = 9 (f)(4 -
iz1, 0 - iz2). The analytic expression for this transformation is

—+00 +00

L(f) (21, 2) = / / eh0ta0 (1 poNeihatitn gy gy
0 0
The orthogonal projection p, of La([0, +0c] x [0, +00]) into L2([0, 20] %[0,
20]), which is f — X[0,20]x[0,20]f, defines the orthogonal projection I H§
- L%,20’(R’2)'
Consider f € L2([0, 20][0, 20]) and x1, x2 € R, thus receiving:

20 26
L(f)(z1,m0) = [ [ e 107120 f(ty, tp)e™Mm1 =122 dty = §* (e f) (21, x2),
00
“+00 +00

L(f)(zl,ZQ) = f f €7t157t25f(t1,t2)€it121+it2z2dt1dt2.
0 O
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which is an element of L%’QJ(RQ). This element can be extended up to the
entire function L(f)(z1,22), by replacing each x; with z; and each xo with
zo. Since the isometry preserves orthogonality, we conclude that Hg ol =
L o py, and that the image, on IIJ, of the function

+00 +00 . )
g(zl, ZQ) = f f eftléftzéf(tl,t2)€lt1z1+lt2z2dt1dt2
0 0
is the function
20 20 ) )
L(X[0,2a]><[0,20}f)(217 22) — f f e_tlé_tzéf(t]_7t2)61t21+1t22dt1dt2-
00

Since g = J*(e~%f),

I19.(9) (21, 22) = S*(X[0.20)x[0.20] (€ 2* ) (21, 22) = (72222 g) (21, 22).
Thus,
I (9) (21, 22) =

I ew((21_81)+(z2_52))sin o(z1 — s1)sino(z2 — s2)
R R m(z1 —s1) 7(z2 — s2)

g(s1, s2)ds1dss.

This is an analytic expression for Hg, the extension of Po, where ¢ is not
included. Now, consider the function

g('zl? 22) = (0225 © RTl,U)(QD)(zL ZQ) =
T2 @(ulv?@)

J

1 _‘7[_2 (Zl —ul + 21(5) (22 — U9 + 225)

duidus.

Using Fubini’s theorem, we obtain:

(chgéRn,Tz) (80)<217 22) =

So(ula UQ)
££ ([l 7[2 (s1 —u1 + 2i9)(s2 — uz + 240) dulduQ) x
sino(z; — s1) sino(ze — s2)

m(z1 —:51) (29 — $2)

T1 T2

> eio‘((z1—$1)+(22—52))

dsidsy =

T1 T2

io((z1—s1)+(22—52)) gj (21 — 51)sino (2 — s9)
e sino(z; — s1)sino(za — 9
U, - - duidus.
—[1 —[2 Pl %) {gg 72 (21— 51) (22 — 52) (51 — w1 + 200) (53 —up + 2i6) [~
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Elementary calculations, using the Cauchy formula, give that the value
of the expression in brackets is

_ 4o ((s1—ua-+2i0)+ (22— +2i6) sino(z1 — w1 + 2i9) sino(zo — ug + 2i0)

(21 —u + 225) (ZQ — U9 + 2Z5) ’
which completes the proof of the proposition.

Corollary:

1) For each ¢ € H, we have II,C3;R+, -, () (21, 22)=-47°P1Pa(¢) (214216,
z2+2i0), where z1, z2 € C. P1Pa(¢p) is the orthogonal extension of R, ,
(¢)=P2(¢|R?) on Lo 2,(R?), a subspace of L2(R?).

2) For each ¢ € Lgas(R?) ((@3)* o ad)(¢)(z1, 22)=P1Pa(p)(z1+2i6,
79+2i0), where z1, z3 € C.

Proof: This corollary is a consequence of the well-known fact that the
orthogonal projection Py : L*(R?) — L§ 5, (R?) is

ysino(ty — s1)sino(ts — s2)

N eio’((tlfsl)+(t2752
f ff 7T<t1 —81) 7T<t2 —82)

f(sl, 82)d81d82.

Lemma 1:

1) The operator (a2)* o ad = - (1/472)II% o C%5 0 Ryy sy © 00
adjoint, compact, and injective.

2) For each f € L 5, (R?) (which is known only on [-71,71]X[-72,72]), the
operator BZ: ¢ — ¢ + ((a2)* o al)(f - ¢) of the space LaQU(Rz) into itself
has the only fixed point f.

is self-

Proof: The operator (a3)* o a2 is self-adjoint by definition, and compact,

the latter follows from the analytic expression. Finally, if P1P2(¢) = 0, then
@ = 0, since P1P2(¢p) is injective. Now, it is possible to define the iteration
gnt1 = B2 (gn), with go = ((@3)* o a3)(f); and the analytic expression for
gn is gn = (Idpz | (m) — (Idpz | () — (a5)* 0 ag)" )(f).
The only possible fixed point of this iteration is f.

A similar discussion is true for three-dimensional spaces. In that case,
operator (a?)* o af is of the form (a)* o ol (¢)(z1,22,23) = P1P2(p)(z142i6,
zo+210, z342i0), ¢ € L%,2a (R?), where z;,79,23 € R, f € H3;.

5.2 Modification of the new method in the two- and three-
dimensional spaces

Let us add an additional parameter A and study the operator Id - iA\(a)* o
o for (iN)~1¢ {A, k > 0}, and in particular, A € R*. The operators B2 ,
and Bg y are defined as
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BE, (p) = ¢ +iAP1Py (f- ), ¢ € L35, (R?), 6 = 0,
and
B, (p) =0 + 1A (a9)* 0 o (f- ¢), ¢ € L4, (R?), § > 0;

while new iterations are introduced for both operators, respectively, as fol-
lows:

Zn+1 = (Id - 1>\P1P2) gn + 1>\P1P2 (f)
and
gn+1 = (Id - iA(a))* 0 af) gn + IN(a)* © ad(f).

It is possible to modify them into new iterations by using the inverse
operators:

hn+1 = (Id - i)\Png)*l h,, + (Id - i)\Plpg)fl (i)\Plpg (f))
and
hnt1 = (Id - iA(ag)* 0 @)™ by - (Id - iX(ag)* o ag) ™! (iA(ag)* o af(f)).

It can be assumed that there are privileged pairs (0, A) that provide
an opportunity to control the rate of convergence. It is shown in [1], that
the best rate can be obtained (for the one-dimensional case) when ¢ = 0.
The same is true for the two- and three-dimensional cases.It is possible to
introduce some regularization processes that use these parameters as well.

A similar discussion is true for three-dimensional spaces.

6 Computational part of the research

In our research, different types of computing experiments were performed:
for both two and three-dimensional spaces. The experiments were performed
on Matlab under UNIX and showed good results. Some of the resulting
graphs can be found in Appendix A.
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Appendix A
The following graphs show the extrapolation result for the function

1 . /1
1 3 1
by = 72262 Slg( Y) S(32) 4 om the cube [L1,1]x[1,1]x[-11]
m3xyz
to the cube [-8,8]x[-8,8]x[-8,8], by using the Gershberg-Papoulis method in
three-dimensional space. The value of parameters: o1 = 1/2, 09 = 3, 03 =

1/2. We use plane sections to plot the original and extrapolated functions.

0.12-

0.1

0.08 -

0.06 -

0.04 -]

0.02-

-0.02 -

=004
10 T

Figure 1: The original function in place section x = 3.
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Figure 2: The extrapolated function in plane section x = 3.

-2
10

-3
®10

Figure 3: The original function in plane section y = 4.5.
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Figure 4: The extrapolated function in plane section y = 4.5.

0.01

0.005 -

-0.005
-0.01
-0,018
—0.02
-0.0286

-0.03

0,038 |,

10

-5 ==

Figure 5: The original function in plane section z = 8.
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0.01-,

0.005-

-0.005-]
-0.01-]
-0.015-]
-0.02-]

-0.025-]

-0.03-

Figure 6: The extrapolated function in plane section z = 8.

The following graphs show the extrapolation result for the function

sin(3z) sin(3y) sin(32)

fo(z,y,2) = -y from the cube [-1,1]x[-1,1]x][-1,1]

to the cube [-8,8]x[-8,8]x[-8,8] using the new method in three-dimensional
space. The value of parameters: o1 = 1/2, 09 = 3, 03 = 1/2. We created
graphs for different § values, the graphs show that the best results are ob-
tained when ¢ is close to zero. We use plane sections to plot the original
and extrapolated functions.
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0z -

o

0.08 -

0.06 -

0.04 |

0.02

—0.02 -

~0.04 -
10

SR i 2

Figure 7: The original function in plane section x = 3.

-3

-10 o

Figure 8: The extrapolated functions in plane section x = 3, for § = 1.
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Figure 9: The extrapolated functions in plane section x = 3, for § = 0.5.

0.06 -
0.05 -
0.04 -
0.03 -
0.02 -

0.01

—0.01

-0.02 -
10

Figure 10: The extrapolated functions in plane section x = 3, for 6 = 0.2.
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T s

Figure 12: The original function in plane section y = -2.
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Figure 13: The extrapolated function in plane section: y = -2, for § = 1.

Figure 14: The extrapolated function in plane section: y = -2, for § = 0.5.
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Figure 15: The extrapolated function in plane section: y = -2, for § = 0.2.

Figure 16: The extrapolated function in plane section: y = -2, for § = 0.01.
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