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Abstract

In this paper, we consider x-algebras LS(M) of locally measurable
operators affiliated to a von Neumann algebra M, and study different
kinds of convergences in this algebras, the convergence almost every-
where and the convergence locally almost everywhere. We also study
a relationship between these two convergences.

Introduction

One of the first approaches to introduce a “noncommutative version” of the
ring of measurable functions was suggested by I. Segal [1], who considered a
x-algebra S(M) of measurable operators affiliated to a von Neumann algebra
M. Later, for purposes of noncommutative integration, one considered the
x-subalgebras of S(M), S(M, 7), of all T-measurable operators associated
with a faithful normal semi-finite trace 7 on M, see, e.g., [2-4]. The algebras
S(M, 7) and S(M) are x-algebras of closed densely defined linear operators
that act on a Hilbert space H the same for the von Neumann algebra M
itself. In such a case, all these operators are affiliated to M and the algebraic
operations for these x-algebras coincide with the operation of the “strong
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sum”, the “strong product”, passing to the adjoint, and the usual multipli-
cation by scalars. The von Neumann algebra M is a *-subalgebra of S(M, 7)
and S(M), and coincides with the set of all bounded operators in S(M, 7)
and S(M). A more general class of *-algebras of closed operators that act
on a Hilbert space H and that are affiliated to a von Neumann algebra M
was introduced by Dixon in [5] who called them ETW*-algebras. In addition
to the mentioned above x-algebras S(M) and S(M, 7), *-algebras LS(M)
of locally measurable operators affiliated to M are also EW*-algebras [6, 7].
B.S. Zakirov and V.I. Chilin have shown in [8] that any EW™*-algebra A
such that A(B(H) = M, where B(H) is the algebra of all bounded linear
operators acting on H, is a #-subalgebra of LS(M). This explains unique-
ness of the x-algebra LS(M) for a von Neumann algebra M in the class of
EW*-algebras.

In this paper, we consider x-algebras LS(M), study different types of con-
vergence in these algebras, i.e., convergences almost everywhere and locally
almost everywhere, and study a relationship between these two convergences.

We employ the terminology and notations used in the theory of von
Neumann algebras [9, 10] and the theory of measurable operators [1, 3, 4, 7].

1 Preliminaries

Let H be a Hilbert space, B(H) the algebra of all bounded operators acting
on H, M a von Neumann algebra in B(H), P(M) the complete lattice of all
orthogonal projections in M.

A linear space D in H is called affiliated to M, denoted by Dn M, if
U(D) C D for any unitary operator U from the commutant

M ={SeB(H): ST=TSVYT¢e M}

of the von Neumann algebra M. If D is a closed subspace of H and Pp is
an operator of the orthogonal projection onto D, then Dn M if and only if
Pp e P(M).

A linear operator T' that acts on a Hilbert space H and has domain
D(T) is called affiliated to M, denoted by T'n M, if U(D(T')) C D(T) for
any unitary operator U in the commutant M’ and UT¢ = TUE for all
€€ D(T). It is clear that if ' € B(H) and T'n M, then T' € M.

A closed linear operator T" with domain D(T') C H is called measurable
with respect to a von Neumann algebra M [1], if Tn M and there exists a
sequence of projections, { P, }2°; C P(M), such that P, T I, P,(H) C D(T),
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and P- = I — P, is a finite projection in M for all n =1, 2, ..., where I is
the identity in the von Neumann algebra M.

Denote by S(M) the set of all linear operators on H, measurable with
respect to the von Neumann algebra M. If T' € S(M), A € C, where C is
the field of complex numbers, then AT € S(M) and the operator 7™, adjoint
to T, is also measurable with respect to M [1]. Moreover, if T, S € S(M),
then the operators 7'+ S and T'S are defined on dense subspaces and admit
closures that are called, correspondingly, the strong sum and the strong
product of the operators 7' and S, and are denoted by T+S and T * S. It
was shown in [1] that T+S and T * S belong to S(M) and these algebraic
operations make S(M) a x-algebra with the identity I over the field C.
Here, M is a x-subalgebra of S(M). In what follows, the strong sum and
the strong product of operators 1" and S will be denoted in the same way
as the usual operations, by T'+ S and T'S.

If T is a closed linear operator with the domain dense in H and "= U|T|
is the polar decomposition of the operator T', where |T'| = (T*T)% is the
absolute value of T" and U is the corresponding partial isometry, then T €
S(M) if and only if U € M and |T'| € S(M) [7]. The following proposition
gives a convenient criterion for a closed operator T' to be measurable in
terms of the spectral family for |T|.

Proposition 1 ([7]). Let T be a closed operator on H, TnM, T = U|T|
the polar decomposition of T', { E\} the spectral family of projections for |T),
A € R, where R is the field of real numbers. Then U € M and E) € P(M)
for all A € R. Also, T € S(M) if and only if the domain D(T) of the
operator T is dense in H and E/J\- s a finite projection for some A > 0. [

To prove Proposition 1.1, one uses the following lemma in an essential
way. This lemma will be used later.

Lemma 1 ([7]). Let T be a closed operator on H with dense domain D(T),
TnM, and {E\} be the spectral family of projections for |T|, A\ € R. If
P e P(M), P(H) C D(T), TP € B(H), and | TP||gp) < A, then Ex- 3 P+
(recall that the relation E 3 Q for projections E,Q € P(M) means that
E ~ By < Q, and the equivalence of projections, E ~ Eq, is equivalent to
existence of a partial isometry V. € M such that V*V = E; and VV* =
E). O

It directly follows from Proposition 1.1 that, in the case where M is a
type 111 von Neumann algebra or M is a type I factor, we always have
S(M) = M. For von Neumann algebras of type 11, the latter identity is not
true already. The proof of this fact is based on the following proposition.
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Proposition 2 ([11]). If there exists an increasing sequence of projections
{En} in M such that E = sup,~ E, is a finite projection, and E, # E for

allm=1,2,..., then S(M) # M. O
Corollary 1. If M is a von Neumann algebra of type 11, then S(M) #
M. O

The following proposition gives conditions that are necessary and suffi-
cient for x-algebras S(M) and M to coincide.

Proposition 3 ([11]). The following statements are equivalent.

(i) S(M) =M.

m
(i) M can be represented as a direct sum, M = Y. My, where My is

n=0
a von Neumann algebra of type 111, and M, are factors of type I,
n=1,2,...,m, and m is a natural number (some terms could be
omitted).

O

A closed linear operator T acting on a Hilbert space H is called locally
measurable with respect to a von Neumann algebra M if T'n M and there
exists a sequence {Z,,}5° ; of central projections in M such that Z, T I and
TZ,eS(M) foralln=1,2 ...1[7].

Denote by LS(M) the set of all linear operators that are locally mea-
surable with respect to M. It was proved in [7] that LS(M) is a *-algebra
over the field C with identity I, the operations of strong addition, strong
multiplication, and passing to the adjoint (the multiplication by a scalar is
defined as usual with the assumption 0 %« 7" = 0.) In such a case, S(M) is
a #-subalgebra in LS(M). In the case where M is a finite von Neumann
algebra or a factor, the algebras S(M) and LS(M) coincide. This is not true
in the general case. The following proposition gives a sufficient condition
for these algebras to be distinct.

Proposition 4 ([11]). If a von Neumann algebra M contains a sequence
{Z,}52 1 of central projections, increasing to the identity, such that (I — Zy,)
is not a finite projection, n =1, 2,..., then LS(M) # S(M). O

Proposition 1.4 gives at once the following.

Corollary 2. If a von Neumann algebra M is a direct product of an infinite
number of von Neumann algebras that are not finite, then LS(M) # S(M).
O
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The following proposition gives a criterion for the x-algebras LS(M) and
S(M) to coincide.

Proposition 5 ([11]). The following statements are equivalent.

(i) LS(M) = S(M).

m
(ii)) M can be represented as a direct sum, M = > M,, where My is a

n=0
finite von Neumann algebra and M,, are factors of type 1o, 11, 111,
n=12,...,m, and m is a natural number (some terms could be

omitted).
O

We recall one more important property of the x-algebras LS(M).

Proposition 6 ([12]). Let a von Neumann algebra M be a C*-product of
von Neumann algebras M;, © € 1, where 1 is a family of indices, that is,
M = {{Ti}ic, Ti € M;, i € 1, sup;cq ||Tilla, < oo} with the coordinate-
wise algebraic operations and involution and the C*-norm, |{T;}ietllmr =
sup;er [|Tillaz;- Then the x-algebra LS(M) is -isomorphic to the %-algebra

[1LS(M;) (the algebraic operations and the involution in [] LS(M;) are
i€l i€l
coordinate-wise. ) O

Let us remark that there is no an analogue of Proposition 1.6 for the
algebras S(M). Indeed, let M, be type III factors, n =1, 2, ..., and M
be their C*-product. Then S(M) = M and LS(M,) = S(M,) = M, for all
n =1, 2,.... Moreover, by Corollary 1.2, LS(M) # S(M) = M. Hence, in
virtue of Proposition 1.6,

o0 o0
[ s(s) = T LS(M,) = LS(M) # S(M).
n=1 n=1
The following proposition gives necessary and sufficient conditions for
the x-algebras LS(M) and M to coincide.
Proposition 7 ([11]). The following statements are equivalent.
(i) LS(M) = M.
m
(ii) M can be represented as a direct sum, M = > M,, where M, are
n=1

type I or type I11-factors, n =1, 2, ..., m, and m is an integer (some
terms could be absent).

O
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2 Convergences almost everywhere and locally al-
most everywhere in the x-algebra LS(M).

Let M be an arbitrary von Neumann algebra, Py(M) a sublattice in P(M)
of all finite projections in M.

Definition 1 ([1]). A sequence {1}, C LS(M) converges almost every-
where to T € LS(M), denoted by T,, =% T, if for any ¢ > 0 there exists
a subsequence {E,}%, C P(M) such that E, T I, E;- € Py(M), (T, —
T)E, € M and ||(T,, —T)E,||m < e foralln=1,2,....

Let M be a commutative von Neumann algebra. Then, as known [13,
Part 1, Chapter 7], there exists a measurable space (2, 3, p) with a finite
locally complete measure g such that M is x-isomorphic to the x-algebra
Loo(2, ¥, p). In this case, the algebra LS(M) = S(M) is x-isomorphic to
the *-algebra S(€2, 3, p) of all measurable complex-valued functions defined
on (€, X, p) (the functions that are equal almost everywhere are considered
as identical) [1]. The introduced convergence almost everywhere coincides
with the convergence almost everywhere with respect to the measure p in
the sense of the measure theory.

It is clear that if T,, T € M and |T, — T|l;s — O, then T, &% T.
The following proposition gives a sufficient condition so that the converse
statement holds.

Proposition 8. Let a von Neumann algebra M be given as a direct sum,
m

M = >" M;, where My is a von Neumann algebra of type 111, M; are type
i=0

I factors, i = 1,...,m, and m is a natural (some terms could be absent). If

T,, T € LS(M) and T,, = T, then (T,,—T) € M starting with some index,

and || T, — T||ar — 0 for n — oc.

Proof. Any finite projection E in P(M) has the form F = Z?Zl P;, where
P; are atoms in P(M), j = 1,2,...,k, that is, the reduced von Neumann
algebras PjM P; are one-dimensional. So, if @, € Py(M) and @, | 0, then
@n = 0 starting with some index ng. This, together with the definition of
convergence almost everywhere, imply that (T,, — T') € M for n > ng and
T, — T|lpr — 0 as n — oo. O

Consider an arbitrary von Neumann algebra of type 111, M, such that
its center Z(M) does not have atoms. Then the x-algebra LS(Z(M)) =
S(Z(M)) is x-isomorphic to the x-algebra S(€, X, u) for a corresponding
measurable space with a locally finite continuous measure u. If T,,, T €
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LS(Z(M)) c LS(M), T,, ** T in LS(M), then by Proposition 2.1, (T}, —
T) € Z(M) starting with some index, and || T, =T z(p) = |Tn =T |lsr — 0
as n — oo.

Since the measure p is continuous, there exist T,,, T € S(Z(M)) such
that 7, — T almost everywhere with respect to u, but (7,, — T') does not
belong to M for all n = 1,2,.... This means that convergence of T, almost
everywhere to 7' in LS(Z(M)) does not imply in general the convergence
almost everywhere in LS(M).

In this connection, it is natural to modify the notion of convergence
almost everywhere in LS(M) so that this convergence would induce the
convergence almost everywhere in LS(Z(M)).

Definition 2 ([7]). We will call a sequence {7}, in LS(M) convergent

la.e.

locally almost everywhere to T € LS(M)), denoted by T,, — T, if for any
e > 0 there exist sequences {E,}>°, C P(M) and {Z,}2, C P(Z(M))
such that E, 1 I, Z, 1 I, ZyE}- € Pp(M), (T, — T)E, € M and ||(T}, —
T)E,|m <eforalln=1,2,...

It is clear that the convergence T}, =% T implies the convergence T}, Lag;
T (it is sufficient to take Z, = I, n = 1,2,...). Moreover, it is clear
that if M is a factor or a finite von Neumann algebra, convergences almost
everywhere and locally almost everywhere coincide. The following theorem
gives a relation between convergences almost everywhere and locally almost
everywhere for an arbitrary von Neumann algebra M.

Theorem 1. Let M be an arbitrary von Neumann algebra, {T,,}52 1, T in
LS(M). The following conditions are equivalent:

(i) T, ““S T.

(ii) There exists a sequence of pairwise orthogonal central projections
{Pn}5o_; such that Y 00 | Py = I and T, P, LS TP, as n — oo,
for each fixed m =1,2,....

La.e.

Proof. (i) = (it). Let T,, — T, € > 0 and the projections {E,}5°; C
P(M), and {Z,}2°, C P(Z(M)) be such that E, 1 I, Zy 1 I, ZuE- €
Piy(M), (T, —T)E, € M and ||(T, — T)Ep|m <eforalln=1,2,....

Let P, =721, Py, = Zyy, — Zpp—1 for m > 2.

It is clear that {Py,}oo_; C P(Z(M)), > po_q P =supys1 Zm = 1.

Fix m and set Qnm = EnPm + PnJ:L for n > m and Qpnm = 0if n < m.
Then Qpy T I for n — oo and

Q- = I — (EnwPy + Py) = Py — EyPy, = EX Py, = (E- Z,) P, € Pp(M)
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for n > m. Moreover,

and ||(T,, Py, — T Pin)Quml|| < €. This means that T}, P,, =% T'P,,, as n — oo,
for each fixed m =1,2,....

(1)) = (i). Let {Pn}°_, C P(Z(M)), PnP, = 0 for m # n,
Yoo Py =1and T,,Pp, 2% TP, as n — oo for each fixed m = 1,2,. ...
Then, for each ¢ > 0 there is a sequence {E,n}5%,; C P(M) such
that E,y, T I for n — oo, B € Pi(M), (I,, — T)PpEpm € M and
Ty, — T)PpEnmllar < e foralln,m=1,2,....

Set Zp =30 1 Ppand Qn =Y 0 1 EpmPr.

Then {Z,}e2, C P(Z(M)), (@}, C P(M), Zo 1 1, Qu 1 T,
Qi Zy = 30,y By P € Py(M), (Tu=T)Qu = 0oy (Ty—T) By Py € M
and, since the central supports of operators (T,, — T') Ep Py, are pairwise

orthogonal for fixed n, we have

(Tn = T)Qnllar = max |[(Tn —T)EnmPlla < €.

1<m<n

Consequently, T, Lag O

Let us find a class of von Neumann algebras for which the convergences
almost everywhere and locally almost everywhere coincide.

Theorem 2. The following conditions are equivalent.

(i) Every sequence in LS(M), which is convergent locally almost every-
where, is convergent in LS(M) almost everywhere.

(i) The von Neumann algebra M can be represented as a direct sum, M =
Z?;O M;, where My is a finite von Neumann algebra, and M; are
factors of type I, Iy, or 111, 1 = 1,2,...,m, and m is a natural
number (some terms could be missed).

Proof. (i) = (it). Assume that M is not a finite von Neumann algebra
and choose a central projection Q € Z(M) such that My = QM is a finite
von Neumann algebra and QM is a properly infinite von Neumann algebra
(it can happen that @ = I). Let us show that the center Z(QM) = QZ (M)
is a finite dimensional von Neumann algebra.

If this is not the case, then there exists a subsequence {Z,}3°, C
P(QZ(M)) such that Z, T @Q and Z,, # @ for all n = 1,2,.... Then

La.e.

it is clear that Z, =% @ in LS(M) and by (i) we have that Z, =% Q
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in LS(M). Hence, there exists a sequence {E,}>°,; C P(M) such that
E, 11, Ef € Pr(M), (Zy— Q)E, € M and |(Z, — Q)E,||m < € = 3 for
alln=1,2,....

Since Q — Z, = Z;-Q, we see that (Q — Z,,)E, = Z-QE, is a projection
such that || Z1QE,| < 1. Consequently, Z+QE, = 0 and, hence, Z;-Q <
E-. This means that Q — Z,, = Z;-Q is a nonzero finite projection in QM,
which contradicts that the von Neumann algebra QM is properly infinite.

Consequently, the algebra QZ(M) is finite dimensional, that is there
exist atoms Q1, Q2, ..., @m in P(QZ(M)) such that > ", Q; = I and
M; = Q; M are not finite factors, i.e., they are factors of types I, I, or
III. Hence, M is a direct sum, Y ;" M;, where My = QM is a finite von
Neumann algebra, and M; = Q; M are factors of the above types.

(7) = (). Assume that the von Neumann algebra M can be represented
as the direct sum M = """ M;, where My, M;, i = 1,2,..., are the same
as in (ii). By Proposition 1.6,

LS(M) = LS(Mo) P iLS(Mi).
=1

Denote by @Q; the identity element in the von Neumann algebra M;, ¢ =
0,1,2,...,m. Let T,, T € LS(M) and T, *S T in LS(M) as n — oc.
Then T,,Q; Lag; TQ; in LS(M;) as n — oo for any fixed i =0,1,2,...,m.
Since My is a finite von Neumann algebra and M; are factors, we have
that 7,Q; =% TQ; in LS(M;) as n — oo. Since Q; € P(Z(M)), we see
that T,Q; =% T'Q; in LS(M) as n — oo. By Theorem 2.1, T, =% T in
LS(M). O

Remark 1. Let a von Neumann algebra M be represented as a C*-product,
M =12, M;, where M; are factors of types Iso, Iloo, or III, i =1,2,....
Then, by Theorem 2.2, the convergences locally almost everywhere and al-
most everywhere do not coincide in LS(M). In particular, there are von
Neumann algebras of countable type for which these convergences do not
coincide (recall that a von Neumann algebra M is of a countable type if
any family of nonzero pairwise orthogonal projections in P(M) is at most
countable).

Remark 2. Let M be a factor of type I or I11 (in this case LS(M) = M),

la.e.

{T.}32,, T in M and T,, == T. Then, for each € > 0 there ezists a
sequence {E,}2°, C P(M) such that Ey, 1 I, Ex- € Py(M) (that is, E;- =0
starting with some index ng), (T, — T)E, € M and (T, — T)Ey,|m < €
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(i.e., | T, — T|| < & asn = ng). This means that convergence locally almost
everywhere coincides with the uniform convergence.

Proposition 9. Let T,,, T € S(Z(M)). The following conditions are equiv-
alent.

(i) T, ““5 T in LS(M).

(i) T, — T almost everywhere in S(2, ¥, p) (the x-algebra S(Z(M)) is
identified with the x-algebra S(Q, X, p) and the center Z(M) with the
x-algebra Loo(S2, X, 1))

Proof. (i) = (i7). Without loss of generality, we can assume that 7" = 0.
Since T, L% () in LS (M), by Theorem 2.1 there exists a sequence {Pp, }o°_;

of pairwise orthogonal projections such that Y >, Py, = I and T,, P, Lae g
in LS(M) as n — oo for each fixed m =1,2,....

Let us fix m and show that T, P,, — 0 almost everywhere in S(€2, X, p)
as n — 00.

Choose an arbitrary € > 0 and choose a sequence {E,,}5°; C P(M) such
that B, T I, E;r € Py(M), and ||T,, Py Ep|lp < e for allm =1,2,....

Denote by {E)(|T,,Pn|)} the spectral family of projections for the op-
erator |1}, Py|. By Lemma 1.1, we have that EX(|T,P,|) 2 E;. Since
E.(|TwPy)) is a central projection, EX(|T,Pn|) < E;- and, hence, E, <
E(|T,Py|) foralln=1,2,....

Because E,, T I, we have that sup,~>{infi>nE:(|TkPn|)} = I for each
€ > 0, that is, -

([ H{w e Q: |Tp(w)Pr(w)] <e})=Q

1k

13
DX:

n n

p-almost everywhere. This means that T, P,, — 0 almost everywhere in
S(Q, X, u) as n — oo for each fixed m = 1,2,.... Since Y > | P, = I, we
see that T, — 0 almost everywhere in S(2, X, u).

(17) = (7). Let T,, — 0 almost everywhere in S(£2, ¥, ). Then, for
every € > 0, the following holds:

U(N{weQ: Tiw) <eh) =0
k=n

n=1 k=

p-almost everywhere.
Denote by Z,, the central projection in Z(M) corresponding to the set
(Nie, {w € Q: |Ti(w)| < e}) € B. Tt is clear that Z, 1 I and, for E, = Z,,
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we have that Z,Ey = 0 € Pp(M), |ThEnla = |TnZnllz(m) < € for all

n=1,2,.... This means that T}, %0 in LS(M). O

Let M be an arbitrary commutative von Neumann algebra. Then as
was noted above, there exists a measurable space (€2, ¥, u) with a locally
finite complete measure p such that M is s-isomorphic to the x-algebra
Loo(2, X, u) and the x-algebra LS(M) = S(M) is x-isomorphic to the
x-algebra S(Q, X, u). So, together with a well-known convergence in
S(€, X, u) with respect to measure, we also consider the convergence lo-
cally with respect to measure. This convergence is defined as follows: a
sequence {fp 122, C S(Q, X, u) converges locally with respect to measure to
fesQ,x, u) as n — o0 if frux4 — fx 4 with respect to measure for any
set A € ¥ with p(A) < oo, where x4 is a characteristic function of the set
A.

A similar convergence can be also defined in the algebra LS(M) in the
case of an arbitrary von Neumann algebra M.

Denote by ¢ a s-isomorphism of the center Z (M) of the von Neumann
algebra M to the x-algebra Lo (2, ¥, p) and by SE(Q, 3, i) the set of all
measurable functions f : @ — [0, oo] (functions that are equal almost
everywhere are identified). It was shown in [1] that there exists a mapping

d: P(M) — SLQ, 5, p)

such that
(i) d(P) =0 if and only if P = 0;
(ii) d(P) is finite almost everywhere if and only if the projection P is finite;
(i) d(P+Q) = d(P) + d(Q) if PQ = 0;
(iv) d(U*U) = d(UU*) for any partial isometry U € M,
(v) d(ZP) = @(Z)d(P) for all Z € P(Z(M)) and P € P(M);

(vi) if Py, P € P(M) and P, 1 P, then d(P) = sup,, d(P,).

A mapping d: P(M) — S1(Q, X, u) satisfying the properties (i)—(vi)
is called a dimension function on P(M).
For each € > 0 and A € ¥ satisfying pu(A) < oo, we set

V(A,e)={T € LS(M) : there exists P € P(M) such that TP € M,
ITP|a < e, and p(AN{we Q: d(PH)(w) >¢e}) < e}
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Theorem 3 ([7]). (i) The system of the sets
H{T+V(A,e)}: TeLS(M), e >0, AeX, u(d) <occ} (1)

defines in LS(M) a Hausdorff vector topology t for which sets (14.1)
form a base of neighborhoods of the operator T € LS(M).

(ii) (LS(M), t) is a complete uniform space with respect to the dimension
induced by the topology t.

(i1i) The involution is continuous, and the multiplication in (LS(M), t)
is continuous in the totality of the variables (that is (LS(M), t) is a
topological x-algebra).

(iv) The topology t is metrizable if and only if the Boolean algebra P(Z(M))
s of countable type, that is, any family of nonzero pairwise orthogonal
projections in P(Z(M)) is at most countable.

(v) If{Th}acs, T C LS(M), then the net T,, converges to T in the topology
t (denoted by T, N T) if and only if Ex(|T, — T)) 150 for any
A > 0, where {Ex(|To, — T|)} is a spectral family of projections for
|To. — T|. In particular, T, T if and only if |T, —T)| 0.

(vi) If {Pn}72, C P(M), then P, ‘50 if and only if x 4d(P,) — 0 with
respect to the measure p for each A € ¥ with pu(A) < co.
[

It was found in [7] that the topology ¢ does not change if the measure p
is replaced with an equivalent measure and the dimension function d with
another dimension function.

Convergence in the topology t is called a convergence locally in measure.

It follows from the definition of the topology t that the convergence
of a net {Ty}acs to T locally in measure means that for any ¢ > 0 and
A€ X, u(A) < oo, there exists ap = af(e, A) such that, for each a > «yp,
there exists a projection P(a) € P(M) satisfying

[(Te = T)P(e)|ar <€ (2)

and
pAN{we Q: d(I — P(a))(w) >¢e}) <e. (3)

If inequality (14.2) is replaced with the inequality

|P(a)(To, — T)P(c)||ar < &, (14.2")
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then it is said that the net {T,}ocs converges to T two-side locally in mea-
sure.

It is easy to see that the two-side convergence in measure is equiva-
lent to the convergence in the vector topology in LS(M), with the base of
neighborhoods of zero formed by the sets

W(A,e)={T € LS(M) : there exists P € P(M)
such that PTP € M, ||PTP|u <e¢
and p(AN{w e Q: d(PH)(w) > ¢e}) < e},
where ¢ >0, A€ X, u(A) < oc.

In fact, this vector topology coincides with the topology ¢, which is di-
rectly implied by the following proposition.

Proposition 10 ([11]).
V(A,e) c W(A,e) C V(A 2)
foranye >0, Ae X, u(A) < occ.

If there exists a faithful normal semi-final trace 7 on a von Neumann
algebra M, then, for the x-algebra LS(M), one can consider convergence in
measure induced by the trace 7, see, e.g. [2, 3]. This convergence coincides
with the convergence in the vector topology ¢, in LS(M), with a base of
neighborhoods of zero formed by the sets

Ve, 0) ={T € LS(M) : there exists P € P(M)
such that TP € M, ||[TP|y < e,7(Pt) < 6},
where €, § > 0.

Proposition 11 ([11]). Let 7 be a faithful normal semi-finite trace on a
von Neumann algebra M. Then we have the following.

(1) If {E,}2, € P(M) and 7(E,) — 0, then E, L5 0. Conversely, if
E, -5 0 and 7(I) < 00, then T(E,) — 0.
(ii) If {T,}2,, T C LS(M) and T, = T, then T, — T.

n=1»

(i1i) If T(I) < oo, then the topologies t and t. coincide.
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Remark 3. If the trace T is not finite, then the convergence T, 4 T, in

. ¢ ,
general, does not imply the convergence T,, — T even for commutative von
Neumann algebras.

Example 1. Consider the von Neumann algebra

M=low={{en}pe1: cn€ Cin=1,2,...,5up|c,| < co}.
n>1

Set 7({cn}) = Yoniicn and T1({cn}) = > 02127 "¢y, where {cn} €
loo, Cn > 0.

Then 7 is a faithful normal trace on M that is semi-finite but not finite,
and T1 s a faithful normal finite trace on M.

Consider a sequence of projections, FE, = (0,0,...,0,1,1,...), in lx,
n
—n

decreasing to zero. Then T1(Ep) =Y 50, 127F =2"" -0 as n — oo and,

by Proposition 2.4(i), Ey *50.
However, T({E,, > %}) =400 for allm=1,2,..., and so E, 0. O

Remark 4. Let M be a factor. Then Z(M) = C = Loo({w}, X, u), where
Y = {0, {w}}, p({w}) = 1. In this case, the dimension function d is a
faithful normal semi-finite (finite) trace on M if M is of type I, Il
(correspondingly, I, 111 ), and d(E) = +oo for all nonzero E € P(M) if M
18 of type I111.

So, if e € (0,1), A ={w}, we have that

V(A,e)={T € LS(M) : there exists P € P(M) such that TP € M,
ITP|x < e, and d(Pt) < e}
In other words, if M is of type 111, then
V(A,e)={T € M : |T|\m < &},

that is the convergence locally in measure coincides with uniform conver-
gence, and if M is of type I or II, then convergence locally in measure
coincides with convergence in measure induced by the trace d.

Remark 5. If M = B(H) is a factor of type I, then convergence locally in
measure coincides with uniform convergence.
Indeed, let T = tr be the canonical trace on B(H), T,, T € B(H), and

T, -5 T (note that, by Proposition 1.7, LS(M) = S(M) =M = B(H)).
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By Theorem 2.3 (v), (vi), we have that tr(Ex(|T,,—T|)) — 0 asn — oo
for any A > 0. Consequently, Ei‘(|Tn —T|) = 0 starting with some index
n(X). This means that | T, — Tllar = |10 — T)llar < A for n > n(A), that
is, | T, — T|lar — 0 as n — oo.

Remark 6. IfT,, T € S(Z(M)), then T, AN if and only if T, — T in
the measure p for each A € ¥ with u(A) < oo (we identify S(Z(M)) with
the x-algebra S(Q, ¥ 1)).

Indeed, if {Ex(|T, — T|)} is a spectral family of projections for the
operator |T,, — T|, then by Theorem 2.8 (v), T, L T if and only if
EL(|T, — T)) L0 for any A > 0. Since T,, T € S(Z(M)), we have
that EX(|T, —T)) € P(Z(M)) for all A > 0. By Theorem 2.3 (vi), Ex-(|T,, —
T|) = 0 if and only if XA Ex(|T, — T|)d(I) = x 4d(Es-(|Ty, = T|)) — 0 in
the measure p for each A € ¥ with p(A) < oo, where we identify Z (M) with
the x-algebra Loo(S), X, p) (see the definition of the dimension function d).

Consequently, Ty, T if and only if Ex-(|T,, — T|) converges to zero
in the measure p for each A € ¥ with u(A) < oo for all A\ > 0. The latter
condition, clearly, is equivalent to the convergence T, — T' in the measure
p for each A € X with u(A) < oo.

The following theorem gives a criterion for the convergences locally al-
most everywhere and locally in measure to coincide in LS(M).

Theorem 4. The following conditions are equivalent.
(i) For {T,,}°2, and T in LS(M), T, Leg if and only if T, — T.

(i) The von Neumann algebra M can be represented as a C*-product, M =
[Lics M;, where M; are factors of types I or 111, i € J, and J is an
index set.

Proof. (1) = (ii). Identify the center Z(M) of the von Neumann alge-
bra M with the x-algebra Lo (€2, X, 1), and the *-algebra LS(M) with the
x-algebra S(€2, X, u). If the space with the measure (2, X, u) is not atomic,
then there exists a set A € ¥ with 0 # u(A) < oo such that the Boolean al-
gebra Q(A)Z (M) does not have atoms, where Q(A) is the central projection
in Z(M) corresponding to the set A. In this case, as shown in [14], there
exists a sequence {G,} C P(Q(A)Z(M)) such that u(G,) — 0, but {G,}

does not converge to zero u-almost everywhere. It follows from Remark 6
La.e.

that G, —— 0. So, by assumption (i), we have G,, — 0. But then, by
Proposition 2.2, G,, — 0 almost everywhere in S(2, ¥, ), which is not
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true. Consequently, the Boolean algebra P(Z(M)) of central projections in
M is atomic.

Let {Q;}ics be the set of all atoms in P(Z(M)) and M; = Q;M, i € J.
Then M; is a factor for each ¢ € J and the von Neumann algebra M is *-
isomorphic to the C*-product [, ; M; (this *-isomorphism is given by the
mapping ¢ : M +—— [],c; M;, where (T') = {QiT }icq, T € M).

Let 7; be a faithful normal trace on M; (if M; is of type I1I, then
7(0) = 0 and 7;(T") = +o0 for any positive operator T' € M;).

The mapping d : M —— SE (2, ¥, u) defined by the formula d(E) =
{Ti(EQ;)}ics is a dimension function on M (since the Boolean algebra
P(Z(M)) is atomic, §2 can be identified with J and ¥ with the o-algebra of
all subsets of J, with u(i) < oo for all i € J).

Suppose that there exists 79 € J such that M;, has type I1; or I1,,. Then
M; contains a commutative von Neumann subalgebra B such that (B, 7;,)
is s-isomorphic to (Lo ([0, 1]), m), where m is a linear Lebesgue measure on
the line segment [0, 1]. Using the proof of Theorem 8 in [14] we see that there
exists a sequence {E,}5°, C P(M;,) such that 7;,(E,) — 0, but {E,}72,
does not converge to zero in S(M;,) almost everywhere. It follows from
Theorem 2.3 (vi) that E, —— 0, where E, = {T\" };c; € P(M), T\ =0
for ¢ # ig and 1}(()”) = E,. Consequently, by assumption (i), E, Lae 0, and

S0, QzEn Lae 0, which implies that E, L€ ) in LS(M;,) = S(M,,). Since
M;, is a factor, E,, — 0 in S(M;,) almost everywhere, which is not true.
This contradiction shows that each factor M; has type I or I11, i € J.

(17) = (i). Let a von Neumann algebra M be represented as a C*-
product, M = [[,.; M;, where M; are factors of types I or I11. To prove
the implication (i) = (7), it is sufficient to show that if {Ti(n)}ieJ =T, €
LS(M) = T1,, LS(M;) and T,, = 0, then T}, "% 0.

Set Q; = {Ei}ics € P(Z(M)), where E; = 0 for i # j and E; = Iy, is

the identity element in the algebra M;. Assume that T;, 0. Then, by
Theorem 2.3 (iii), Q;7), 50 for each j € J.
Fix € > 0 and set
Zyn, = sup{Q; : HT'L'(k)HMi <e forallk>n}, n=12 ...
It is clear that Z,, € P(Z(M)) and Z,, < Zp11,n=1,2, ...
Let Zo = sup,,>1 Zn. If Zg # I, then there is 79 € J such that ZpQ;, = 0.

On the other hand, it follows from the convergence HTZ(k)H M, — 0
as k — oo that Q;, < Z,) < Zp for some index n(e), which contra-
dicts the identity ZpQ;, = 0. Consequently, Z, T I. Set E, = Z,,
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n=1,2,.... Then E, 1 I, Z,Ex =0 € P(M), |ToEnl|m = || T Znllm =

sup;, 0,<z, 1T g, < e.

la.e.

This means that T, — 0. ]
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